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Abstract: We provide a comprehensive overview of metric-affine geometries with spherical symmetry,
which may be used in order to solve the field equations for generic gravity theories which employ
these geometries as their field variables. We discuss the most general class of such geometries, which
we display both in the metric-Palatini formulation and in the tetrad / spin connection formulation,
and show its characteristic properties: torsion, curvature and nonmetricity. We then use these
properties to derive a classification of all possible subclasses of spherically symmetric metric-affine
geometries, depending on which of the aforementioned quantities are vanishing or non-vanishing.
Finally, we mention how these results can be extended to cosmological symmetry.
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1. Introduction
By its geometric nature, the description of gravity within the theory of general relativity stands
out from all other field theories. The quest for a unified field theory, together with tensions posed on
general relativity both by cosmological observations and its consistence with quantum theory, have
therefore led to the development of a plethora of alternative gravity theories [1]. The fact that all
other forces of nature are modeled by gauge theories, so that the fields mediating these interactions
are described by connections on principal bundles, motivates a similar approach to gravity, thus
introducing a connection as a fundamental field to mediate the gravitational interaction. Further
taking motivation from the idea that gravity is linked to the geometry of spacetime itself, the most
straightforward choice is to consider a connection in the frame bundle of spacetime, i.e., an affine
connection. Finally, taking into account that observations suggest to use a Lorentzian metric to describe
the dynamics of fields and particles on spacetime, one arrives at the notion of metric-affine geometry,
and hence the class of metric-affine theories of gravity [2].
Particular subclasses of metric-affine geometries appear in various theories of gravity.
Einstein-Cartan gravity [3,4], and the more general class of Poincaré gauge theories [5,6], make
use of a metric-compatible connection. In general relativity, this is further specialized to the unique
metric-compatible, torsion-free connection, which is the Levi-Civita connection. The latter constitutes
one corner of the so-called “geometric trinity of gravity” [7], which in addition comprises of the
equivalent formulations of general relativity in terms of metric teleparallel [8,9] and symmetric
teleparallel [10] geometries. Combining the latter two, one arrives at a general teleparallel geometry,
featuring both torsion and nonmetricity [11]. Numerous modified gravity theories based on these
geometries have been studied.
An important task in the study of gravity theories is determining exact solutions to their field
equations. This task is often simplified by considering solutions with spacetime symmetries, i.e.,
invariance under the action of a symmetry group on the underlying spacetime manifold. For the class
of metric-affine geometries, this notion of symmetry can be derived by realizing that they are particular
classes of Cartan geometries, for which a more general notion of symmetry has been derived [12]. This
is the notion of symmetry we use in this article. It generalizes the more restricted notion for metric
teleparallel geometries used in an earlier work [13]. Here we focus on spherical symmetry, which is
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of particular importance, since it is typically assumed for non-rotating compact objects such as stars,
black holes or exotic objects like wormholes.
The study of metric-affine geometries with spherical symmetry has a long history. For the most
general metric-affine geometry featuring torsion, nonmetricity and curvature, explicit expressions have
been obtained for a parametrization in terms of torsion and nonmetricity [14]. Particular spherically
symmetric solutions of metric-affine gravity theories have been studied, e.g., in [15–18]. For the case
of Poincaré gauge theory, in which only torsion and curvature are present, spherically symmetric
geometries have been studied, e.g., in [19–31]. Solutions of Einstein-Cartan theory have been discussed,
e.g., in [32–36]. For the case of teleparallel gravity, where only torsion is non-vanishing, see e.g., [13,37–
42]. Also for various other theories based on metric-affine geometry spherically symmetric solutions
have been discussed [43–50].
The aim of this article is twofold. Its primary aim is to provide a compendium of metric-affine
geometries with spherical symmetry, ordered by the vanishing or non-vanishing of its characteristic
tensorial properties - torsion, nonmetricity and curvature. These geometries may directly be inserted
into the field equations of any gravity theory based on the corresponding subclass of metric-affine
geometries, in order to find its spherically symmetric solutions. Another aim of this article is to
demonstrate the method used for finding these spherically symmetric geometries, and thus to serve a
didactic purpose. Using the same method it is possible to determine metric-affine geometries satisfying
other spacetime symmetries, such as planar or cosmological symmetry. We briefly display also the
most general metric-affine geometry with the latter kind of symmetry, to demonstrate how it follows
from the spherically symmetric case which we study in detail.
The outline of this article is as follows. In section 2 we briefly review the notion of symmetry for
metric-affine geometries, using both their metric-Palatini and tetrad / spin connection representations.
We then derive the most general spherically symmetric metric-affine geometry in section 3. The
properties of this geometry are discussed in section 4. We consider particular subclasses in section 5, by
imposing additional constraints on the connection. Our results are extended to cosmological symmetry
in section 6. We end with a conclusion in section 7.
2. Symmetries of metric-affine geometries
The starting point of our derivation is the notion of spacetime symmetry for metric-affine
geometries, which is derived from a more general notion of symmetry in Cartan geometry [12], and
which we briefly review here. We do so in two formulations, based on different variables describing the
geometry. We use a metric and an affine connection in section 2.1, and a tetrad and a spin connection
in section 2.2.
2.1. Metric-Palatini formulation
We begin our review of symmetries of metric-affine geometries using the metric-Palatini
formulation, according to which we will consider metric-affine geometries defined on a spacetime
manifold M in terms of a metric gµν and a connection with coefficients Γµνρ. We use the convention
in which the last index of the connection is the “derivative index”, i.e., the covariant derivative of a
vector field Xµ in this convention reads ∇µXν = ∂µXν + ΓνσµXσ. This will be important later, since in
general we will assume that the connection is not symmetric, i.e., it may possess torsion.
The notion of symmetry we use here is motivated by a previous study of symmetry in the
language of Cartan geometry [12] and its application to teleparallel gravity [13], which is a special
case of the metric-affine geometries we consider here. In the following, we will consider the action
φ : G×M→ M of a group G on the spacetime manifold M. Denoting by φu : M→ M for u ∈ G the
induced diffeomorphism, which maps x ∈ M to φu(x) = x′, the metric and the connection coefficients
transform as
(φ∗ug)µν(x) = gρσ(x′)
∂x′ρ
∂xµ
∂x′σ
∂xν
(1)
3 of 20
and
(φ∗uΓ)µνρ(x) = Γτωσ(x′)
∂xµ
∂x′τ
∂x′ω
∂xν
∂x′σ
∂xρ
+
∂xµ
∂x′σ
∂2x′σ
∂xν∂xρ
(2)
We call a metric-affine geometry symmetric under this group action, if and only if for every u ∈ G the
metric and affine connection are invariant, i.e., (φ∗ug)µν = gµν and (φ∗uΓ)µνρ = Γµνρ for all u ∈ G.
In practice, it is often more convenient to consider the infinitesimal action of the symmetry group,
in terms of the generating (or fundamental) vector fields Xξ , where ξ ∈ g is an element of the Lie
algebra of the symmetry group G. The infinitesimal transformation of the metric-affine geometry is
then defined by the Lie derivative
(LXξ g)µν = Xρξ ∂ρgµν + ∂µX
ρ
ξ gρν + ∂νX
ρ
ξ gµρ (3)
and
(LXξΓ)µνρ = Xσξ ∂σΓµνρ − ∂σXµξ Γσνρ + ∂νXσξ Γµσρ + ∂ρXσξ Γµνσ + ∂ν∂ρX
µ
ξ
= ∇ρ∇νXµξ − Xσξ Rµνρσ −∇ρ(Xσξ Tµνσ) ,
(4)
where the last line shows that the Lie derivative of the connection coefficients is actually a tensor,
which can be expressed in terms of the curvature and torsion
Rρσµν = ∂µΓρσν − ∂νΓρσµ + ΓρτµΓτσν − ΓρτνΓτσµ , Tρµν = Γρνµ − Γρµν (5)
of the connection, which we display here in order to clarify the conventions we will be using. We see
that a metric-affine geometry is symmetric under a group action if the Lie derivative of the metric and
the connection vanish for all generating vector fields, (LXξ g)µν = 0 and (LXξΓ)µνρ = 0 for all ξ ∈ g.
This infinitesimal description is equivalent to the aforementioned description in terms of the group
action, provided that the group is connected.
2.2. Tetrad / spin connection formulation
Alternatively to the metric-Palatini formulation discussed above, one may also express the
metric-affine geometry in terms of a tetrad θaµ and a spin connection ωabµ, which define the metric
and the affine connection coefficients through the relations
gµν = ηabθaµθbν (6)
and
Γµνρ = eaµ
(
∂ρθ
a
ν +ω
a
bρθ
b
ν
)
, (7)
where ηab = diag(−1, 1, 1, 1) is the Minkowski metric and eaµ is the inverse tetrad satisfying θaµebµ =
δab and θ
a
µeaν = δνµ.
In order to understand the notion of symmetry in this formulation, first note that under a
diffeomorphism the tetrad and the spin connection transform as one-forms,
(φ∗uθ)aµ(x) = θaν(x′)
∂x′ν
∂xµ
, (φ∗uω)abµ(x) = ωabν(x′)
∂x′ν
∂xµ
. (8)
Taking a look at the first relation, we find that the group action and the tetrad together define a map
Λ : G×M→ GL(4) such that
Λaub(x)(φ
∗
uθ)
b
µ(x) = θaµ(x) (9)
for all (u, x) ∈ G × M. In other words, Λu(x) ∈ GL(4) is the unique matrix which relates the
transformed tetrad (φ∗uθ)aµ and the original tetrad θaµ at the point x. It is now easy to see that (φ∗uθ)aµ
and θaµ define the same metric if and only if they are related by a local Lorentz transformation, i.e., if
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and only if Λu(x) ∈ SO(1, 3) for all (u, x) ∈ G×M. Hence, we will consider a tetrad symmetric under
the group action φ if and only this condition is satisfied. Further, we find that (φ∗uΓ)µνρ = Γµνρ if and
only if
(φ∗uω)abµ = (Λ−1u )acΛdubωcdµ + (Λ−1u )ac∂µΛcub . (10)
We can also express these conditions in an infinitesimal form. For this purpose we write the Lie
derivative of the tetrad in the form
(LXξ θ)aµ = −λaξ bθbµ , (11)
where λξ(x) ∈ gl(4) for a general (not necessarily symmetric) tetrad is given by
λξ(x) =
d
dt
Λexp(tξ)(x)
∣∣∣∣
t=0
, (12)
and exp : g→ G is the exponential map. In this case we find that the metric is symmetric, (LXξ g)µν = 0,
if and only if λξ(x) ∈ so(1, 3) for all (ξ, x) ∈ g×M. Further, we find that the Lie derivative (4) of the
connection (7) can be written as
(LXξΓ)µνρ = eaµ
[
θbν(LXξω)abρ +Dρ(LXξ θ)aν
]
= eaµθbν
[
(LXξω)abρ −Dρλaξ b
]
, (13)
where the second equality comes from the definition (11) and we introduced the total covariant
derivative
Dµλaξ b = ∂µλ
a
ξ b +ω
a
cµλ
c
ξ b −ωcbµλaξ c , (14a)
Dµ(LXξ θ)aν = ∂µ(LXξ θ)aν +ωabµ(LXξ θ)bν − Γρνµ(LXξ θ)aρ , (14b)
which satisfies the “tetrad postulate”
0 = Dµθaν = ∂µθaν +ωabµθ
b
ν − Γρνµθaρ , (15)
as a consequence of the definition (7). Hence, we find that the connection is symmetric under the
action of the symmetry group if and only if the spin connection satisfies
(LXξω)abµ = −ebνDµ(LXξ θ)aν = Dρλaξ b (16)
for all (ξ, x) ∈ g×M. This is the notion of symmetry we will apply in the following sections.
3. Metric-affine geometry with spherical symmetry
After discussing the general notion of symmetry for a metric-affine geometry we now come to the
particular case of spherical symmetry. We proceed in the following steps. We introduce the coordinates
and conventions used for the symmetry generating vector fields in section 3.1. We then briefly review
the well-known derivation of the most general spherically symmetric metric in section 3.2, where we
also introduce the convenient parametrization we will be using. For the connection, we derive the
most general spherically symmetric coefficients in section 3.3. Finally, we discuss the tetrad and spin
connection in section 3.4.
3.1. Symmetry generating vector fields
In the following we will consider the symmetry of a metric-affine geometry under the rotation
group, whose action on a spacetime with coordinates (t, r, ϑ, ϕ) is described by the generating vector
fields
Xx = sin ϕ∂ϑ +
cos ϕ
tan ϑ
∂ϕ , Xy = − cos ϕ∂ϑ + sin ϕtan ϑ∂ϕ , Xz = −∂ϕ . (17)
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They satisfy the commutation relations
[Xx, Xy] = Xz , [Xy, Xz] = Xx , [Xz, Xx] = Xy , (18)
which is the Lie algebra so(3) of the rotation group.
3.2. Metric
The most general metric with spherical symmetry is well known [51]. Here we briefly review
its derivation, to exemplify the calculation which we will apply to the more involved case of the
connection in the following section. First, demanding axial symmetry yields the condition
(LXz g)µν = −∂ϕgµν = 0 , (19)
so that the metric components must be functions of the coordinates t, r, ϑ only. In the next step, one
considers the linear combination
cos ϕ(LXx g)µν + sin ϕ(LXy g)µν = 0 . (20)
The advantage lies in the fact that the resulting equations are purely algebraic and take the form
gtϑ = gtϕ = grϑ = grϕ = gϑϕ = gϕϕ − gϑϑ sin2 ϑ = 0 , (21)
and are easily solved. The remaining equations
sin ϕ(LXx g)µν − cos ϕ(LXy g)µν = 0 (22)
then become similarly simple, and imply that the remaining independent components gtt, grr, gtr, gϑϑ
must be functions of t and r only. Note that by a coordinate transformation one can still eliminate the
component gtr [51]; however, we will keep the general form here for later use. This will leave us the
freedom to choose different coordinates, in which the metric exhibits off-diagonal components, but in
which other fields under investigation may take a simpler form.
Also for later use we introduce the parametrization
gtt = −eG1+G2 cosG3 , grr = eG1−G2 cosG3 , gtr = eG1 sinG3 , gϑϑ = eG4 (23)
in terms of free functions G1(t, r), . . . ,G4(t, r), which will turn out to simplify various expressions we
derive.
3.3. Connection
We then come to the connection. Demanding that the Lie derivative (4) of the connection
coefficients with respect to the vector field Xz vanishes, which simply reads −∂ϕΓµνρ, leads to the
condition that they must be independent of ϕ, hence they are functions of t, r, ϑ only. To proceed with
the remaining symmetry generating vector fields, as in the metric case it is helpful to consider first the
linear combination
cos ϕ(LXxΓ)µνρ + sin ϕ(LXyΓ)µνρ = 0 , (24)
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which turns out to yield a set of purely algebraic equations. These equations take the form
Γttϕ = Γttϑ = Γtrϕ = Γtrϑ = Γrtϕ = Γrtϑ = Γrrϕ = Γrrϑ = 0 ,
Γtϕt = Γtϑt = Γtϕr = Γtϑr = Γrϕt = Γrϑt = Γrϕr = Γrϑr = 0 ,
Γϕtt = Γϑtt = Γϕtr = Γϑtr = Γϕrt = Γϑrt = Γϕrr = Γϑrr = 0 , (25)
Γϑtϑ − Γϕtϕ = Γϑrϑ − Γϕrϕ = Γϑϑt − Γϕϕt = Γϑϑr − Γϕϕr = Γtϑϑ −
Γtϕϕ
sin2 ϑ
= Γrϑϑ −
Γrϕϕ
sin2 ϑ
= 0 ,
Γtϑϕ + Γtϕϑ = Γrϑϕ + Γrϕϑ = Γϕtϑ +
Γϑtϕ
sin2 ϑ
= Γϕrϑ +
Γϑrϕ
sin2 ϑ
= Γϕϑt +
Γϑϕt
sin2 ϑ
= Γϕϑr +
Γϑϕr
sin2 ϑ
= 0 ,
Γϑϑϑ = Γϑϑϕ = Γϑϕϑ = Γϕϑϑ = Γϕϕϕ = 0 , Γϕϑϕ = Γϕϕϑ = cot ϑ , Γϑϕϕ = − sin ϑ cos ϑ ,
and determine 44 of the 64 components of the connection coefficients in terms of the remaining 20
components. These components are further constrained by imposing the remaining linear combination
sin ϕ(LXxΓ)µνρ − cos ϕ(LXyΓ)µνρ = 0 (26)
of the symmetry conditions, which take the form
∂ϑΓttt = ∂ϑΓttr = ∂ϑΓtrt = ∂ϑΓtrr = ∂ϑΓrtt = ∂ϑΓrtr = ∂ϑΓrrt = ∂ϑΓrrr = 0 ,
∂ϑΓϕtϕ = ∂ϑΓϕrϕ = ∂ϑΓϕϕt = ∂ϑΓϕϕr = 0 , (27)
∂ϑΓϕtϑ + cot ϑΓϕtϑ = ∂ϑΓϕrϑ + cot ϑΓϕrϑ = ∂ϑΓϕϑt + cot ϑΓϕϑt = ∂ϑΓϕϑr + cot ϑΓϕϑr = 0 ,
∂ϑΓtϕϕ − 2 cot ϑΓtϕϕ = ∂ϑΓrϕϕ − 2 cot ϑΓrϕϕ = ∂ϑΓtϕϑ − cot ϑΓtϕϑ = ∂ϑΓrϕϑ − cot ϑΓrϕϑ = 0 .
We find a number of differential equations, which fully determine the dependence of the remaining
components on the coordinate ϑ. They can be solved explicitly, and their solution is expressed in terms
of 20 functions C1(t, r), . . . , C20(t, r) of the remaining coordinates t, r as
Γttt = C1 , Γttr = C2 , Γtrt = C3 , Γtrr = C4 , Γtϑϑ = C9 ,
Γrtt = C5 , Γrtr = C6 , Γrrt = C7 , Γrrr = C8 , Γrϑϑ = C10 ,
Γϕtϕ = Γϑtϑ = C11 , Γϕrϕ = Γϑrϑ = C12 , Γϕϕt = Γϑϑt = C13 , Γϕϕr = Γϑϑr = C14 ,
Γϕtϑ =
C15
sin ϑ
, Γϑtϕ = −C15 sin ϑ , Γϕrϑ = C16sin ϑ , Γ
ϑ
rϕ = −C16 sin ϑ , (28)
Γϕϑt =
C17
sin ϑ
, Γϑϕt = −C17 sin ϑ , Γϕϑr = C18sin ϑ , Γ
ϑ
ϕr = −C18 sin ϑ ,
Γtϕϑ = C19 sin ϑ , Γtϑϕ = −C19 sin ϑ , Γrϕϑ = C20 sin ϑ , Γrϑϕ = −C20 sin ϑ ,
Γtϕϕ = C9 sin2 ϑ , Γrϕϕ = C10 sin2 ϑ , Γϕϑϕ = Γϕϕϑ = cot ϑ , Γϑϕϕ = − sin ϑ cos ϑ .
One easily checks that these satisfy the symmetry conditions.
3.4. Tetrad and spin connection
In order to construct a tetrad and spin connection which satisfy the conditions of spherical
symmetry, one may start from the metric (23) and affine connection (28) derived in the previous section.
For the tetrad it is sufficient to choose any tetrad for which the metric (6) obeys the spherical symmetry.
One may thus choose, e.g., the tetrad
θ0 = eG˜1+G˜2 cos G˜3 dt− eG˜1−G˜2 sin G˜3 dr , θ2 = eG˜4 dϑ ,
θ1 = eG˜1+G˜2 sin G˜3 dt + eG˜1−G˜2 cos G˜3 dr , θ3 = eG˜4 sin ϑ dϕ , (29)
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where we wrote G˜i = Gi/2 for brevity. Inserting this tetrad in the definition (7) and solving for the
spin connection then yields the non-vanishing components
ω00t = S1 , ω00r = S2 , ω01t = S3 , ω01r = S4 , ω32ϕ = cos ϑ ,
ω10t = S5 , ω10r = S6 , ω11t = S7 , ω11r = S8 , ω23ϕ = − cos ϑ ,
ω02ϑ =
ω03ϕ
sin ϑ
= S9 , ω12ϑ =
ω13ϕ
sin ϑ
= S10 , ω20ϑ =
ω30ϕ
sin ϑ
= S11 , ω21ϑ =
ω31ϕ
sin ϑ
= S12 , (30)
ω22t = ω
3
3t = S13 , ω22r = ω33r = S14 , ω30ϑ = −
ω20ϕ
sin ϑ
= S15 , ω31ϑ = −
ω21ϕ
sin ϑ
= S16 ,
ω32t = −ω23t = S17 , ω32r = −ω23r = S18 , ω03ϑ = −
ω02ϕ
sin ϑ
= S19 , ω13ϑ = −
ω12ϕ
sin ϑ
= S20 ,
where the different parametrizations are related by
C1 = S1 cos2 G˜3 + 12 (S3 + S5) sin(2G˜3) + S7 sin
2 G˜3 + G˜1,t + G˜2,t ,
C2 = S2 cos2 G˜3 + 12 (S4 + S6) sin(2G˜3) + S8 sin
2 G˜3 + G˜1,r + G˜2,r ,
C3 =
[
S3 cos2 G˜3 + 12 (S7 − S1) sin(2G˜3)− S5 sin
2 G˜3 − G˜3,t
]
e−2G˜2 ,
C4 =
[
S4 cos2 G˜3 + 12 (S8 − S2) sin(2G˜3)− S6 sin
2 G˜3 − G˜3,r
]
e−2G˜2 ,
C5 =
[
S5 cos2 G˜3 + 12 (S7 − S1) sin(2G˜3)− S3 sin
2 G˜3 + G˜3,t
]
e2G˜2 ,
C6 =
[
S6 cos2 G˜3 + 12 (S8 − S2) sin(2G˜3)− S4 sin
2 G˜3 + G˜3,r
]
e2G˜2 ,
C7 = S7 cos2 G˜3 − 12 (S3 + S5) sin(2G˜3) + S1 sin
2 G˜3 + G˜1,t − G˜2,t ,
C8 = S8 cos2 G˜3 − 12 (S4 + S6) sin(2G˜3) + S2 sin
2 G˜3 + G˜1,r − G˜2,r ,
C9 = (S10 sin G˜3 + S9 cos G˜3)eG˜4−G˜1−G˜2 , C11 = (S11 cos G˜3 − S12 sin G˜3)eG˜1+G˜2−G˜4 ,
C10 = (S10 cos G˜3 − S9 sin G˜3)eG˜4−G˜1+G˜2 , C12 = (S11 sin G˜3 + S12 cos G˜3)eG˜1−G˜2−G˜4 ,
C19 = (S20 sin G˜3 + S19 cos G˜3)eG˜4−G˜1−G˜2 , C15 = (S15 cos G˜3 − S16 sin G˜3)eG˜1+G˜2−G˜4 ,
C20 = (S20 cos G˜3 − S19 sin G˜3)eG˜4−G˜1+G˜2 , C16 = (S15 sin G˜3 + S16 cos G˜3)eG˜1−G˜2−G˜4 ,
C13 = S13 + G˜4,t , C14 = S14 + G˜4,r , C17 = S17 , C18 = S18 . (31)
This generalizes the spin connection found in [14] for a diagonal tetrad. Of course, every other tetrad
and spin connection which are related to the original tetrad and spin connection by a local Lorentz
transformation Λ : M→ SO(1, 3) via
θ′aµ = Λabθbµ , ω′abµ = Λac(Λ−1)dbωcdµ +Λac∂µ(Λ−1)cb (32)
also satisfies the conditions of spherical symmetry. This allows to obtain different, alternative
representations of the spherical metric-affine geometry. Here we restrict ourselves to listing only
one example, since the tensorial quantities, which we will calculate in the following sections, are
independent of this choice. See, e.g., [13] for a number of alternative tetrad representations of the
spherically symmetric metric and the Lorentz transformations relating these different tetrads.
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4. Properties of the geometry
We now discuss a number of properties of the most general spherically symmetric metric-affine
geometry, which we derived in the preceding section. In particular, we calculate its torsion in section 4.1
and its nonmetricity in section 4.2. This will lead us to the decomposition of the connection into the
Levi-Civita connection, the contortion and disformation in section 4.3. Finally, we discuss the curvature
in section 4.4
4.1. Torsion
We start by discussing the torsion Tµνρ = Γµρν − Γµνρ of the most general spherically symmetric
connection (28). We find that its non-vanishing, independent components are given by
Tttr = C3 − C2 , Ttϑϕ = 2C19 sin ϑ , Tϑtϑ = Tϕtϕ = C13 − C11 , Tϕtϑ = −
Tϑtϕ
sin2 ϑ
=
C17 − C15
sin ϑ
,
Trtr = C7 − C6 , Trϑϕ = 2C20 sin ϑ , Tϑrϑ = Tϕrϕ = C14 − C12 , Tϕrϑ = −
Tϑrϕ
sin2 ϑ
=
C18 − C16
sin ϑ
.
(33)
Note that the torsion depends only on 8 particular combinations of the parameter functions C1, . . . , C20.
This will become relevant in section 4.3, when we decompose the connection.
4.2. Nonmetricity
We then continue with the nonmetricity Qµνρ = ∇µgνρ. The non-vanishing, independent
components for the metric (23) and the connection (28) take the form
Qttt = −eG1
[(
2C5 − eG2G3,t
)
sinG3 − (2C1 − G1,t − G2,t) eG2 cosG3
]
,
Qrtt = −eG1
[(
2C6 − eG2G3,r
)
sinG3 − (2C2 − G1,r − G2,r) eG2 cosG3
]
,
Qtrr = −eG1
[(
2C3 + e−G2G3,t
)
sinG3 + (2C7 − G1,t + G2,t) e−G2 cosG3
]
,
Qrrr = −eG1
[(
2C4 + e−G2G3,r
)
sinG3 + (2C8 − G1,r + G2,r) e−G2 cosG3
]
,
Qttr = −eG1
[
(C1 + C7 − G1,t) sinG3 −
(
C3eG2 − C5e−G2 + G3,t
)
cosG3
]
,
Qrtr = −eG1
[
(C2 + C8 − G1,r) sinG3 −
(
C4eG2 − C6e−G2 + G3,r
)
cosG3
]
,
Qtϑϑ =
Qtϕϕ
sin2 ϑ
= eG4 (G4,t − 2C13) ,
Qrϑϑ =
Qrϕϕ
sin2 ϑ
= eG4 (G4,r − 2C14) ,
Qϕtϑ = −Qϑtϕ =
[
C15eG4 +
(
C20 sinG3 − C19eG2 cosG3
)
eG1
]
sin ϑ ,
Qϕrϑ = −Qϑrϕ =
[
C16eG4 +
(
C19 sinG3 + C20e−G2 cosG3
)
eG1
]
sin ϑ ,
Qϑtϑ =
Qϕtϕ
sin2 ϑ
= −C11eG4 −
(
C10 sinG3 − C9eG2 cosG3
)
eG1 ,
Qϑrϑ =
Qϕrϕ
sin2 ϑ
= −C12eG4 −
(
C9 sinG3 + C10e−G2 cosG3
)
eG1 . (34)
In total, we have 12 independent components. The significance of this observation becomes clear in
the following section.
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4.3. Connection decomposition
We now make use of the fact that the coefficients of an arbitrary connection can uniquely be
decomposed in the form
Γµνρ =
◦
Γµνρ + Kµνρ + Lµνρ , (35)
where
◦
Γµνρ is the Levi-Civita connection of the metric gµν, Kµνρ is the contortion
Kµνρ =
1
2
(
Tνµρ + Tρµν − Tµνρ
)
(36)
and Lµνρ is the disformation
Lµνρ =
1
2
(
Qµνρ −Qνµρ −Qρµν
)
. (37)
In order to decompose the connection (28) with respect to the metric (23), it is useful to introduce
a different parametrization in terms of free functions T1(t, r), . . . , T8(t, r) and Q1(t, r), . . . ,Q12(t, r);
see [14] for a similar parametrization. We replace the previously introduced parameters by making the
substitutions
C1 = 12 e
−G1
[
Q2e−G2 cosG3 + (Q5 − 2Q3) sinG3
]
+
1
4
[
(2T1 + G1,r + G2,r) eG2 + G3,t
]
sin(2G3)
+
1
4
G1,t(3− cos(2G3)) + 12G2,t cos
2 G3 − 12
(
2T2 + G3,reG2
)
sin2 G3 ,
C3 = 12 e
−G1
(
Q5e−G2 cosG3 −Q2 sinG3
)
− 1
4
[
(2T2 − G1,t + G2,t) e−G2 + G3,r
]
sin(2G3)
−1
2
G3,te−G2 sin2 G3 + 12 (G1,r + G2,r + 2T1) cos
2 G3 ,
C4 = 12 e
−G1
[
(2Q7 −Q2)e−G2 cosG3 −Q6 sinG3
]
− 1
4
(
2T1 + G1,r + G2,r + G3,te−G2
)
e−G2 sin(2G3)
−1
4
G3,re−G2(3+ cos(2G3)) + 12 (G1,t − G2,t − 2T2) e
−2G2 cos2 G3 ,
C5 = 12 e
−G1
[
(Q5 − 2Q3)eG2 cosG3 −Q1 sinG3
]
− 1
4
(
2T2 − G1,t + G2,t + G3,reG2
)
eG2 sin(2G3)
+
1
4
G3,teG2(3+ cos(2G3)) + 12 (G1,r + G2,r + 2T1) e
2G2 cos2 G3 ,
C6 = −12 e
−G1
(
Q2eG2 cosG3 +Q5 sinG3
)
− 1
4
[
(2T1 + G1,r + G2,r) eG2 + G3,t
]
sin(2G3)
+
1
2
G3,reG2 sin2 G3 + 12 (G1,t − G2,t − 2T2) cos
2 G3 ,
C8 = 12 e
−G1
[
(Q2 − 2Q7) sinG3 −Q6eG2 cosG3
]
+
1
4
[
(2T2 − G1,t + G2,t) e−G2 + G3,r
]
sin(2G3)
+
1
4
G1,r(3− cos(2G3))− 12G2,r cos
2 G3 + 12
(
2T1 + G3,te−G2
)
sin2 G3 ,
C9 = 12 e
−G1
{[
Q8 − 2Q10 + (2T6 − G4,r) eG4
]
sinG3 −
[
Q4 − 2Q9 + (2T5 − G4,t) eG4
]
eG2 cosG3
}
,
C10 = 12 e
−G1
{[
Q4 − 2Q9 + (2T5 − G4,t) eG4
]
sinG3 +
[
Q8 − 2Q10 + (2T6 − G4,r) eG4
]
e−G2 cosG3
}
,
C15 = −12 e
−G4
[
2Q11 + eG1
(
T4 sinG3 − T3eG2 cosG3
)]
, C13 = 12
(
G4,t − e−G4Q4
)
,
C16 = −12 e
−G4
[
2Q12 + eG1
(
T3 sinG3 + T4e−G2 cosG3
)]
, C14 = 12
(
G4,r − e−G4Q8
)
,
C11 = C13 − T5 , C12 = C14 − T6 , C2 = C3 − T1 , C19 = 12T3 ,
C17 = C15 − T7 , C18 = C16 − T8 , C7 = C6 + T2 , C20 = 12T4 . (38)
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The advantage of the new parametrization becomes apparent when one derives the torsion and
nonmetricity of the connection. In terms of the new variables, the non-vanishing and independent
components of the torsion are given by
Tttr = T1 , Ttϑϕ = T3 sin ϑ , Tϑtϑ = Tϕtϕ = T5 , Tϑtϕ = T7 sin ϑ , Tϕtϑ = − T7sin ϑ ,
Trtr = T2 , Trϑϕ = T4 sin ϑ , Tϑrϑ = Tϕrϕ = T6 , Tϑrϕ = T8 sin ϑ , Tϕrϑ = − T8sin ϑ , (39)
while the non-vanishing, independent components of the nonmetricity are given by
Qttt = Q1 , Qtrr = Q2 , Qttr = Q3 , Qtϑϑ = Q4 , Qtϕϕ = Q4 sin2 ϑ , Qϑtϑ = Q9 ,
Qrtt = Q5 , Qrrr = Q6 , Qrtr = Q7 , Qrϑϑ = Q8 , Qrϕϕ = Q8 sin2 ϑ , Qϑrϑ = Q10 , (40)
Qϕtϕ = Q9 sin2 ϑ , Qϕrϕ = Q10 sin2 ϑ , Qϑtϕ = −Qϕtϑ = Q11 sin ϑ , Qϑrϕ = −Qϕrϑ = Q12 sin ϑ .
We see that the newly introduced parameters simply parametrize the components of the torsion
and nonmetricity. This new parametrization turns out to be more suitable in order to express the
components of the contortion and the disformation than the parametrizations we introduced in the
previous section. For the contortion it is most useful to display the components with lower indices,
in order to exploit the antisymmetry Kµνρ = −Kνµρ in the first two indices, and thus to reduce the
number of independent components. We find that the contortion is given by
Ktϕϑ = −Ktϑϕ = 12 e
G1
(
T4 sinG3 − T3eG2 cosG3
)
sin ϑ , Ktrt = eG1
(
T2 sinG3 − T1eG2 cosG3
)
,
Krϕϑ = −Krϑϕ = 12 e
G1
(
T3 sinG3 + T4e−G2 cosG3
)
sin ϑ , Ktrr = eG1
(
T1 sinG3 + T2e−G2 cosG3
)
,
Kϑϕt =
1
2
[
2T7eG4 +
(
T4 sinG3 − T3eG2 cosG3
)
eG1
]
sin ϑ , Ktϑϑ =
Ktϕϕ
sin2 ϑ
= eG4T5 ,
Kϑϕr =
1
2
[
2T8eG4 +
(
T3 sinG3 + T4e−G2 cosG3
)
eG1
]
sin ϑ , Krϑϑ =
Krϕϕ
sin2 ϑ
= eG4T6 . (41)
For easier comparison, we display the disformation using the same index positions. Here the
non-vanishing and independent components are given by
Lttt = −12Q1 , Ltrr =
1
2
Q2 −Q7 , Ltϑϑ =
Ltϕϕ
sin2 ϑ
=
1
2
Q4 −Q9 ,
Lrrr = −12Q6 , Lrtt =
1
2
Q5 −Q3 , Lrϑϑ =
Lrϕϕ
sin2 ϑ
=
1
2
Q8 −Q10 ,
Lttr = −12Q5 , Lϑtϕ = −Lϕtϑ = Q11 sin ϑ , Lϑtϑ =
Lϕtϕ
sin2 θ
= −1
2
Q4 ,
Lrtr = −12Q2 , Lϑrϕ = −Lϕrϑ = Q12 sin ϑ , Lϑrϑ =
Lϕrϕ
sin2 θ
= −1
2
Q8 . (42)
11 of 20
One now easily checks that, together with the components
◦
Γttt =
1
2
eG1+G2 [G3,t sinG3 − (G1,t + G2,t) cosG3] ,
◦
Γttr =
1
2
eG1+G2 [G3,r sinG3 − (G1,r + G2,r) cosG3] ,
◦
Γtrr =
1
2
eG1
{[
2G3,r − (G1,t − G2,t) e−G2
]
cosG3 +
(
2G1,r + G3,te−G2
)
sinG3
}
,
◦
Γrtt =
1
2
eG1
{[
2G3,t + (G1,r + G2,r) eG2
]
cosG3 +
(
2G1,t − G3,reG2
)
sinG3
}
,
◦
Γrtr = −12 e
G1−G2 [G3,t sinG3 − (G1,t − G2,t) cosG3] ,
◦
Γrrr = −12 e
G1−G2 [G3,r sinG3 − (G1,r − G2,r) cosG3] ,
◦
Γtϑϑ = −
◦
Γϑtϑ =
◦
Γtϕϕ
sin2 ϑ
= −
◦
Γϕtϕ
sin2 ϑ
= −1
2
eG4G4,t ,
◦
Γrϑϑ = −
◦
Γϑrϑ =
◦
Γrϕϕ
sin2 ϑ
= −
◦
Γϕrϕ
sin2 ϑ
= −1
2
eG4G4,r ,
◦
Γϕϑϕ = −
◦
Γϑϕϕ = eG4 cos ϑ sin ϑ (43)
of the Levi-Civita connection, the relation (35) is indeed satisfied.
4.4. Curvature
Finally, we calculate the curvature of the general spherically symmetric connection. It is instructive
to divide its components into two classes. First, note that the 6 components
Rttϑϕ = 2(C11C19 − C9C15) sin ϑ ,
Rtrϑϕ = 2(C12C19 − C9C16) sin ϑ ,
Rrtϑϕ = 2(C11C20 − C10C15) sin ϑ ,
Rrrϑϕ = 2(C12C20 − C10C16) sin ϑ ,
Rϑϑϑϕ = Rϕϕϑϕ = (C9C15 + C10C16 − C11C19 − C12C20) sin ϑ ,
Rϑϕϑϕ = −Rϕϑϑϕ sin2 ϑ = (1+ C9C11 + C10C12 + C15C19 + C16C20) sin2 ϑ (44)
depend only algebraically on 8 of the parameter functions C1, . . . , C20. The vanishing of these
components yields 5 independent equations, which determine a hyperbolic submanifold of the total
parameter space; any flat, i.e., curvature-free connection, as we encounter in section 5.4, lies within this
submanifold. The remaining components depend also on the derivatives of the parameter functions.
In particular, we find the equations
Rϑϑtr = Rϕϕtr = C14,t − C13,r ,
Rϑϕtr = −Rϕϑtr sin2 ϑ = − (C18,t − C17,r) sin ϑ , (45)
as well as
Rtttr = C2,t − C1,r + C3C6 − C4C5 ,
Rtrtr = C4,t − C3,r + C4(C1 − C7)− C3(C2 − C8) ,
Rrttr = C6,t − C5,r + C6(C7 − C1)− C5(C8 − C2) ,
Rrrtr = C8,t − C7,r + C4C5 − C3C6 , (46)
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which can be understood as defining integrability conditions on the remaining 12 parameter functions.
Finally, the components
Rtϑtϑ =
Rtϕtϕ
sin2 ϑ
= C9,t + C3C10 − C17C19 + C9(C1 − C13) ,
Rtϑrϑ =
Rtϕrϕ
sin2 ϑ
= C9,r + C4C10 − C18C19 + C9(C2 − C14) ,
Rtϑtϕ = −Rtϕtϑ = − [C19,t + C9C17 + C3C20 + C19(C1 − C13)] sin ϑ ,
Rtϑrϕ = −Rtϕrϑ = − [C19,r + C9C18 + C4C20 + C19(C2 − C14)] sin ϑ ,
Rrϑtϑ =
Rrϕtϕ
sin2 ϑ
= C10,t + C5C9 − C17C20 + C10(C7 − C13) ,
Rrϑrϑ =
Rrϕrϕ
sin2 ϑ
= C10,r + C6C9 − C18C20 + C10(C8 − C14) ,
Rrϑtϕ = −Rrϕtϑ = − [C20,t + C10C17 + C5C19 + C20(C7 − C13)] sin ϑ ,
Rrϑrϕ = −Rrϕrϑ = − [C20,r + C10C18 + C6C19 + C20(C8 − C14)] sin ϑ ,
Rϑttϑ = Rϕttϕ = C11,t − C5C12 − C15C17 + C11(C13 − C1) ,
Rϑtrϑ = Rϕtrϕ = C11,r − C6C12 − C15C18 + C11(C14 − C2) ,
Rϑttϕ = −Rϕttϑ sin2 ϑ = − [C15,t + C11C17 − C5C16 + C15(C13 − C1)] sin ϑ ,
Rϑtrϕ = −Rϕtrϑ sin2 ϑ = − [C15,r + C11C18 − C6C16 + C15(C14 − C2)] sin ϑ ,
Rϑrtϑ = Rϕrtϕ = C12,t − C3C11 − C16C17 + C12(C13 − C7) ,
Rϑrrϑ = Rϕrtϕ = C12,r − C4C11 − C16C18 + C12(C14 − C8) ,
Rϑrtϕ = −Rϕrtϑ sin2 ϑ = − [C16,t + C12C17 − C3C15 + C16(C13 − C7)] sin ϑ ,
Rϑrrϕ = −Rϕrrϑ sin2 ϑ = − [C16,r + C12C18 − C4C15 + C16(C14 − C8)] sin ϑ , (47)
which depend on derivatives of those 8 parameter functions which are restricted by the algebraic
equations (44), intertwine these two sets of parameter functions. This separation of equations may be
exploited to determine the most general flat connection; however, we will use a different approach,
which we display in section 5.4.
5. Special cases
In the previous section we have considered a fully general connection, which may have torsion,
nonmetricity and curvature. We now turn our focus to more restricted connections, by imposing that
one or more of these properties vanish. This will lead us to the cases T = 0 in section 5.1, Q = 0 in
section 5.2, T = Q = 0 in section 5.3, R = 0 in section 5.4, R = T = 0 in section 5.5, R = Q = 0 in
section 5.6 and finally R = T = Q = 0 in section 5.7.
5.1. Torsion-free: T = 0
In order to determine the most general torsion-free connection with spherical symmetry, it
is most practical to use the parametrization we introduced in section 4.3. In this parametrization
one finds immediately that the torsion (33), which reduces to the form (39), vanishes if and only if
T1 = . . . = T8 = 0. The most general torsion-free metric-affine geometry we are looking for is thus
determined by the parameter functions G1, . . . ,G4 determining the metric, as well as the parameter
functions Q1, . . . ,Q12 determining the nonmetricity. Note that the connection can most conveniently
be expressed through the relation (35), with the disformation (42) and the Levi-Civita connection (43).
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5.2. Metric-compatible: Q = 0
The converse case, compared to the previous one, is a general metric-compatible connection,
while allowing for non-vanishing curvature and torsion, i.e., a Riemann-Cartan geometry. As in the
torsion-free case, the parametrization introduced in section 4.3 immediately yields the desired result, in
this case by choosing the parametersQ1 = . . . = Q12 = 0. The resulting metric-affine geometry is thus
parametrized by the parameter functions G1, . . . ,G4 determining the metric, as well as the parameter
functions T1, . . . , T8 determining the torsion. Also in this case the connection is expressed through the
relation (35), now with the contortion (41) and the Levi-Civita connection (43).
5.3. Torsion-free metric-compatible: T = Q = 0
For the sake of completeness we mention that by choosing the parameter functions T1 = . . . =
T8 = Q1 = . . . = Q20 = 0 one obtains the unique metric-compatible and torsion-free connection,
which is, of course, the Levi-Civita connection (43).
5.4. Flat: R = 0
There are different possibilities to derive flat, symmetric metric-affine geometries, i.e., symmetric
metric-affine geometries with vanishing curvature. The most straightforward approach is to consider
the general spherically symmetric connection derived in section 3.3, and to impose that its curvature
vanishes. This results in a number of differential equations which are quadratic in the unknowns
to be solved for, which may be involved, depending on the degree of symmetry imposed. Another
strategy is to realize that the existence of a flat connection implies (on a simply-connected manifold)
the existence of a global coframe Θaµ, which is in general different from the metric coframe θaµ, and
which may be constructed by choosing the coframe in a single spacetime point x, and then using the
path-independent parallel transport defined by the flat connection to obtain the coframe in any other
spacetime point. It follows from this construction that the tetrad components are covariantly constant,
0 = ∇µΘaν = ∂µΘaν − ΓρνµΘaρ , (48)
so that the connection coefficients are given by the Weitzenböck connection
Γµνρ = Eaµ∂ρΘaν , (49)
where Eaµ is the inverse tetrad satisfying ΘaµEbµ = δab and Θ
a
µEaν = δνµ. One may then obtain the
symmetric coframe, and hence the flat symmetric connection, by inserting the Weitzenböck connection
in the Lie derivative (4) and solving the resulting equations for the tetrad. Taking into account that the
tetrad transforms as a one-form, so that its Lie derivative with respect to a symmetry generator Xξ is
given by
(LXξΘ)aµ = Xνξ ∂νΘaµ + ∂µXνξΘaν , (50)
one finds that (LXξΓ)µνρ = 0, i.e., the Weitzenböck connection obeys the symmetry, if and only if
0 = ∇µ(LXξΘ)aν = ∂µ(LXξΘ)aν − Γρνµ(LXξΘ)aρ , (51)
where the connection coefficients are given by the definition (49). Note that by construction, the
Weitzenböck connection is necessarily a metric connection, though not with respect to the independent
metric gµν, but with respect to the metric g˜µν = ηabΘaµΘbν defined by the parallely transported tetrad.
Observe that the metric g˜µν is not fully defined by the connection alone, but also depends on
the choice on the tetrad Θaµ(x) at the initial point x of the construction above. The Weitzenböck
connection does not depend on the initial tetrad, since any constant linear transformation cancels in
its definition (49). Hence, we are free to make a convenient choice. Using the fact that the symmetry
group generating the spherical symmetry is SO(3), we may distinguish two cases:
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1. The action Θaµ(x) 7→ (Λ−1u )ab(x)Θbµ(x) is trivial. This case is topologically excluded, since in
this case the parallel transport of the tetrad along the orbit of the symmetry group, which is
topologically a sphere S2, would yield a global frame on the sphere. However, this is impossible,
since the sphere is not parallelizable. See [13] for a detailed derivation of this contradiction.
2. If the action of the symmetry group on the tetrad Θaµ(x) is non-trivial, one can use the properties
of G = SO(3) to realize that the image of G under the map u 7→ Λu(x) ∈ GL(4) is again
isomorphic to SO(3) itself. Hence, one may always find a tetrad such that its temporal component
Θ0µ(x) is invariant under the group action, while its spatial components span an orthonormal
basis for the rotation group. It then follows that Λu(x) ∈ SO(3) ⊂ SO(1, 3) for all u ∈ G.
Finally, note that the symmetry of the Weitzenböck connection, whose spin connection vanishes by
definition, implies that Λu as defined above does not depend on the spacetime point, ∂µΛu = 0, and
so globally defines an element of the Lorentz group. This means that the metric g˜µν defined by this
tetrad is symmetric under the action of the symmetry group, following the derivation in section 2.2.
In summary, we thus find that the tetrad Θaµ defines a metric g˜µν and a metric-compatible, flat
Weitzenböck connection, both of which adhere to the spherical symmetry. The most general tetrad
which satisfies these conditions depends on 6 free functions F1, . . . ,F6 and takes the form [13]
Θ0 = F1 coshF3dt +F2 sinhF4dr , (52a)
Θ1 = sin ϑ cos ϕ(F1 sinhF3dt +F2 coshF4dr)
+F5 [(cosF6 cos ϑ cos ϕ− sinF6 sin ϕ)dϑ− sin ϑ(cosF6 sin ϕ+ sinF6 cos ϑ cos ϕ)dϕ] , (52b)
Θ2 = sin ϑ sin ϕ(F1 sinhF3dt +F2 coshF4dr)
+F5 [(cosF6 cos ϑ sin ϕ+ sinF6 cos ϕ)dϑ+ sin ϑ(cosF6 cos ϕ− sinF6 cos ϑ sin ϕ)dϕ] , (52c)
Θ3 = cos ϑ(F1 sinhF3dt +F2 coshF4dr) +F5
[
− cosF6 sin ϑdϑ+ sinF6 sin2 ϑdϕ
]
. (52d)
The corresponding Weitzenböck connection then takes the general form (28), where the parameter
functions C1, . . . , C20 are given by
C1 = F1,tF1 +F3,t tanh(F3 −F4) , C7 =
F2,t
F2 −F4,t tanh(F3 −F4) ,
C2 = F1,rF1 +F3,r tanh(F3 −F4) , C8 =
F2,r
F2 −F4,r tanh(F3 −F4) ,
C3 = F2F4,tF1 cosh(F3 −F4) , C5 =
F1F3,t
F2 cosh(F3 −F4) ,
C4 = F2F4,rF1 cosh(F3 −F4) , C6 =
F1F3,r
F2 cosh(F3 −F4) ,
C9 = F5 sinhF4 cosF6F1 cosh(F3 −F4) , C10 = −
F5 coshF3 cosF6
F2 cosh(F3 −F4) ,
C20 = F5 coshF3 sinF6F2 cosh(F3 −F4) , C19 = −
F5 sinhF4 sinF6
F1 cosh(F3 −F4) ,
C11 = F1 sinhF3 cosF6F5 , C15 = −
F1 sinhF3 sinF6
F5 ,
C12 = F2 coshF4 cosF6F5 , C16 = −
F2 coshF4 sinF6
F5 ,
C13 = F5,tF5 , C17 = F6,t ,
C14 = F5,rF5 , C18 = F6,r . (53)
We once again remark that despite being metric-compatible with respect to the metric g˜µν, this
connection, in general, possesses non-vanishing nonmetricity with respect to the metric gµν, as we
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shall see in section 5.6. Also its torsion is in general non-vanishing, unless a number of conditions is
satisfied, which we discuss in the next section. However, one easily checks that its curvature indeed
vanishes.
5.5. Flat torsion-free: R = T = 0
We now derive a number of conditions for the Weitzenböck connection of the tetrad (52) to be
torsion-free. Recall that the torsion of the general spherically symmetric connection is given by the
components (33). In particular, we find the condition
C20 = 0 ⇒ F5 coshF3 sinF6 = 0 . (54)
Here only the last factor may vanish, since for vanishing F5 the tetrad (52) would be degenerate.
Hence, we have F6/pi ∈ Z. Without loss of generality, we may set F6 = 0. We then continue with the
conditions
C13 − C11 = C14 − C12 = 0 ⇒ F5,t −F1 sinhF3 = F5,r −F2 sinhF4 = 0 . (55)
These conditions determine F5 up to a constant of integration, and further impose the integrability
condition
∂r(F1 sinhF3) = ∂t(F2 coshF4) (56)
on the remaining parameter functions. These conditions, together with the remaining torsion
components C2 − C3 = C6 − C7 = 0, finally yield the additional conditions
F1,r cosh(F3 −F4) +F1F3,r sinh(F3 −F4)−F2F4,t = 0 , (57a)
F2,t cosh(F3 −F4)−F2F4,t sinh(F3 −F4)−F1F3,r = 0 . (57b)
For any choice of the parameter functions F3 and F4, one thus obtains a system of coupled, linear,
inhomogeneous, first-order, partial differential equations for F1 and F2. We will not attempt to
construct a general solution scheme for these equations, since in general there will be no closed form
for the solution.
5.6. Flat metric-compatible: R = Q = 0
In order to determine the most general flat and metric-compatible connection, one may proceed
similarly to the previously discussed case of a flat and torsion-free connection, imposing that the
nonmetricity (34) vanishes. For this purpose, it turns out to be simpler to express the nonmetricity in
the components gtt, grr, gtr, gϑϑ of the metric, without substituting them with the parametrization (23).
In this case we may start with the conditions Qtϑϑ = Qrϑϑ = 0, which imply
gϑϑ,t
gϑϑ
− 2F5,tF5 =
gϑϑ,r
gϑϑ
− 2F5,rF5 = 0 . (58)
These are solved by gϑϑ = g1F 25 , where g1 is a constant of integration. To proceed, one may use the
purely algebraic equations Qϕtϑ = Qϑtϑ = Qϕrϑ = Qϑrϑ = 0, whose full expression we omit here for
brevity. It turns out that these are not independent and may be solved, e.g., for the components gtt and
grr. The corresponding solution reads
gtt =
F1
F2 sinhF4 [gtr coshF3 − g1F1F2 sinhF3 cosh(F3 −F4)] , (59a)
grr =
F2
F1 coshF3 [gtr sinhF4 + g1F1F2 coshF4 cosh(F3 −F4)] . (59b)
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In order to determine the final component gtr, one uses the remaining components of the
nonmetricity (34). Imposing that these vanish yields a set of first-order partial differential equations
for gtr, which are solved by
gtr = F1F2(g1 sinhF3 coshF4 − g2 coshF3 sinhF4) (60)
with another constant of integration g2. Finally, substituting this solution into the intermediate
result (59) yields the full solution
gtt = −F
2
1
2
[g1 + g2 − (g1 − g2) cosh(2F3)] , grr = F
2
2
2
[g1 + g2 + (g1 − g2) cosh(2F4)] . (61)
We find that the most general flat, metric-compatible metric-affine geometry is determined by the
parameter functionsF1, . . . ,F6 and the two constants of integration g1 and g2. Note that for g1 = g2 = 1
the metric gµν reduces to the metric g˜µν defined by the tetrad Θaµ, while for general g1 = g2 one
obtains a constant multiple of this metric. It is obvious that the connection is compatible with this
metric, by construction. It is remarkable, however, that this is not the only solution, and that also
metrics with g1 6= g2 yield metric-compatible geometries.
5.7. Flat torsion-free metric-compatible: R = T = Q = 0
Finally, and again for completeness, we also mention the case in which all three tensorial quantities
which characterize the connection - torsion, nonmetricity and curvature - vanish. It is a well-known fact
that this condition reduces the metric-affine geometry to Minkowski space, so that the metric is given
by the Minkowski metric ηµν and the connection by its Levi-Civita connection. However, this does not
become immediately apparent if one calculates the curvature of the Levi-Civita connection (43) of the
spherically symmetric metric, which implements the conditions of vanishing torsion and nonmetricity,
and attempts to solve for vanishing curvature. This is due to the fact that the condition of spherical
symmetry commutes with coordinate transformations of the non-angular coordinates t, r, so that the
most general spherically symmetric metric in arbitrary, spherical coordinates is given by
gµν =
∂x˜ρ
∂xµ
∂x˜σ
∂xν
ηµν , (62)
where the new coordinates take the form
t˜ = t˜(t, r) , r˜ = r˜(t, r) , ϑ˜ = ϑ , ϕ˜ = ϕ . (63)
Hence, the components of the most general metric, after imposing spherical symmetry via the
conditions (21), are given by
gtt = r˜2,t − t˜2,t , grr = r˜2,r − t˜2,r , gtr = r˜,t r˜,r − t˜,t t˜,r , gϑϑ = r˜2 . (64)
One easily checks that the curvature of this metric indeed vanishes.
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6. Cosmological symmetry
The results we derived in the previous sections of this article can easily be extended from spherical
to cosmological symmetry. For this purpose one introduces the additional symmetry generating vector
fields
X1 = χ sin ϑ cos ϕ∂r +
χ
r
cos ϑ cos ϕ∂ϑ − χ sin ϕr sin ϑ ∂ϕ , (65a)
X2 = χ sin ϑ sin ϕ∂r +
χ
r
cos ϑ sin ϕ∂ϑ +
χ cos ϕ
r sin ϑ
∂ϕ , (65b)
X3 = χ cos ϑ∂r − χr sin ϑ∂ϑ , (65c)
where we made use of the abbreviation χ =
√
1− kr2, and where k ∈ {−1, 0, 1} is the sign of the
spatial curvature. Using the spherically symmetric metric-affine geometry we derived, it turns out to
be sufficient to impose symmetry under the last generator X3, since symmetry under the remaining
generators then follows from their commutation relations. For the metric this yields the well-known
Robertson-Walker metric
gtt = −N 2 , grr = A
2
1− kr2 , gϑϑ = A
2r2 , gϕϕ = gϑϑ sin2 ϑ , (66)
which is parametrized by the lapse N (t) and A(t). For the connection one obtains the algebraic
equations
C2 = C3 = C5 = C15 = C17 = C19 = 0 , C12 = C14 = 1r , C10 = r(kr
2 − 1) , (67)
C8 = kr1− kr2 , C6 = C11 , C7 = C13 , C4 =
C9
r2(kr2 − 1) , C16 = −C18 =
C20
r2(kr2 − 1) ,
which determine 15 components of C in terms of the remaining 5 components. These remaining
independent components are constrained by the differential equations
∂rC1 = ∂rC11 = ∂rC13 = ∂rC9 − 2C9r = ∂rC20 −
2− 3kr2
r(1− kr2)C20 = 0 . (68)
The most general solution to these equations depends on 5 functions K1(t), . . . ,K5(t). In terms of
these, the parameter functions of the most general spherically symmetric connection are expressed as
C1 = K1 , C6 = C11 = K3 , C7 = C13 = K4 , C4 = K21− kr2 , C9 = K2r
2 , C8 = kr1− kr2 ,
C20 = K5r2
√
1− kr2 , C18 = −C16 = K5√
1− kr2 , C12 = C14 =
1
r
, C10 = r(kr2 − 1) . (69)
Inserting these parameter functions in the general spherically symmetric connection (28) finally yields
its explicit form
Γttt = K1 , Γrtr = Γϑtϑ = Γϕtϕ = K3 , Γrrt = Γϑϑt = Γϕϕt = K4 , Γtrr = K21− kr2 ,
Γtϑϑ = K2r2 , Γtϕϕ = K2r2 sin2 ϑ , Γrϕϑ = −Γrϑϕ = K5r2
√
1− kr2 sin ϑ , (70)
Γϑrϕ = −Γϑϕr = K5 sin ϑ√
1− kr2 , Γ
ϕ
rϑ = −Γϕϑr = − K5√
1− kr2 sin ϑ , Γ
r
rr =
kr
1− kr2 ,
Γϑrϑ = Γϑϑr = Γϕrϕ = Γϕϕr =
1
r
, Γϕϑϕ = Γϕϕϑ = cot ϑ , Γϑϕϕ = − sin ϑ cos ϑ ,
Γrϑϑ = r(kr2 − 1) , Γrϕϕ = r(kr2 − 1) sin2 ϑ .
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One can now perform the same kind of analysis as in the case of spherical symmetry shown in the
previous sections. We will not perform such calculations here, as they would exceed the scope of this
article, whose aim is the discussion of the spherically symmetric case, and refer to [52], where such
kind of analysis for cosmology is performed in a different parametrization.
7. Conclusion
We showed how to construct the most general metric-affine geometry with spherical symmetry
and studied its properties. We demonstrated that it is determined by 4 parameter functions which
determine the metric, as well as 20 parameter functions which determine the connection. We further
decomposed the latter into 8 components determining the torsion and 12 components determining
the nonmetricity. This decomposition allowed us to derive a simple parametrization for those
metric-affine geometries where either of these two tensorial quantities vanishes, similarly to the
parametrization found in [14]. Furthermore, we calculated the curvature, and constructed the most
general flat metric-affine geometries with spherical symmetry, whose connection is determined by 6
parameter functions. Finally, we gave conditions on the torsion-free case and determined the most
general metric-affine geometry with vanishing nonmetricity. As an interesting result, we found a
two-parameter family of metrics which are compatible with the most general flat connection.
Given any gravitational theory based on the metric-affine geometry or one of its subclasses,
defined by the vanishing of torsion, nonmetricity or curvature, one may use the corresponding
most general spherically symmetric geometry as an ansatz to solve the field equations. The explicit
expressions in different parametrizations, which are adapted to the particular subclass and which we
provide in this article, may serve as utilities in this task.
Various modifications and generalizations of the calculations shown here are possible. Instead of
spherical symmetry, one may consider, e.g., planar symmetry to study exact planar wave solutions, or
cosmological symmetry. For the latter, we have provided the most general metric-affine geometry as
well, which can serve as a starting point for such kind on calculations, similarly to the work presented
in [52]. Another possibility is to consider other types of geometries based on Cartan geometry,
which are relevant in physics and to which the notion of spacetime symmetries derived from Cartan
geometry [12] may be applied. Possible generalizations in this direction include bimetric geometries,
where different branches exist depending on whether the two metrics can be simultaneously brought to
diagonal form or not [53], as well as Finsler geometries, where the geometry is defined on the tangent
bundle instead of the spacetime manifold itself, and where spherical symmetry can be implemented
via the action of the rotation group on distinguished tensor fields on the tangent bundle [54].
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